THE TWO SIDES OF A FOURIER-STIELTJES TRANS-
FORM AND ALMOST IDEMPOTENT MEASURES
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ABSTRACT

For measures x4 on the circle T the quantities lim supy- + o !ﬁ(n)|,
lim sup [f}()| »— -  Need not be equal; it is shown, however, that they are
continuous with respect to each other when u varies on bounded subsets of
M(T), the space of measureson T. It is also shown that measures z which
are s-almost idempotent (i.e. 1im sup|n|- (fi(n)— fi(n)2| < ¢) are the sum of
an idempotent measure and of a measure v satisfying lim sup (- o, [9(1)] < 22
provided & is small enough (as a function of [|uj).

1. Introduction. We denote by T the circle group and by M(T) the Banach
space of finite complex Borel measures on T. If ye M(T), the Fourier-Stieltjes
transform of u is the function fi defined on the group Z of integers by

An) = f e "du(t), neZ.

o T

A theorem essentially* due to Rajchman states:

lim g(n) =0 implies lim f(n) = 0.

n—+oo n— —w

If u is disctete, fi(n) is almost periodic on the integers and

limsup|A(n)| = lim_suplﬁ(n)[ = sup|in) |.

n—>+co

If the support of u is a given Helson set then, [7],

limsup |A(n)|, limsup | A(n)|

n—+ o n—r—o

are both equivalent to |z ||.

* Rajchman’s theorem ([6]) states that for ue M(T) lim,.. o fi(n) =0, if, and only if
lim, o 9(n) = O where dv = |du|. Since [{(n)| is an even function of » we have: lim,- A1)
= 0<> liMy— V) = 0> lim, _ o 9(1) = 0> lim,— — o, fi(n) = 0.
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These facts led us to ask whether the two quantities

lim sup ) fi(n) l lim sup l i(n) l

n—=>+ow
are related in general. That they need not be equal, we show by example in §4
Theorem 1, which we state below and prove in §2.2, shows, however, that they
are continuous with respect to each other in bounded subsets of M(T). It is a quan-
titative generalization of the theorem of Rajchman.
In what follows | - || is always the measure norm in M(T).

THEOREM 1. For every ¢ >0 there is a 6 = 6(¢) > 0 having the following
property: If pe M(T) satisfies || <1 and
limsup | i(n)| <5,
n—>+ow
then
lim sup |ﬂ(n)| <eg.
n=—w
Corollary 1, which we state and prove in §2.3 is a generalization of Theorem 1.
It states that, subject to a bound on ” u H , i(n) must be close to some finite set
{ag,++,,} of complex numbers for [n‘ large if A(n) is sufficinetly close to that
set for n large and positive.
The proof we give for Theorem 1 is in reality quite general. In §2.4 we indicate
an abstract setting in which this argument is valid.
Helson’s identification of idempotent measures on T shows the following:
Let pe M(T) be idempotent, that is u* u = u, or equivalently,

Am)? = pn), neZ.
Then each of the two subsetts

{n:fi(n) = 0} {n:p(n) =1}
of Z differ from periodic sets by only a finite number of elements (see [3]). Using
Theorem 1, we give a generalization of this to measures that are ‘“‘almost idem-
potent”. Our result is stated as Theorem 2 and is proved in §3.1. Rather than
state Theorem 2 here we give one of its consequences.

COROLLARY 2. For any C > 0 there is a constant T = ©1(C) > 0 satisfying the
following: Suppose that p = M(T) has |pu| < C and

limsup | A(n) — A(n)?| <.

[n] =0
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Then each of the subsets
{n:|ﬁ(n)| < ;6} {n:lﬁ(n)—-ll <§6}

of Z differ from periodic sets by a finite number of elements.

The constant 7 of Corollary 2 cannot be chosen to be independent of the bound C.
We show this in §4 by giving examples of measures p with

a4n+1) =1, m=123,..,
and fi(n) arbitrarily small for » not of the form 4™+1.
2. Behavior of 2 at infinity.
2.1 Qur proof of Theorem 1 depends on the following lemma.

LEMMA 1. For every ¢>0 there is a 6 = d(¢) >0 having the following
property: Let X be a set, u a complex measure on some o-algebra of subsets
of X having measure norm | u|| £ 1. Let ¢ be a complex valued p-measurable
Sfunction on X with ‘(p(x)l =1 (ae. |u|). If

(1) [|¢|2m¢du ’ <5’ m = 1523""
JX
then
) ’ f (pdu‘ <e.
X

ProoF. Fix ¢>0. Put M(e) = 4¢"2log2/e and p,(x) = 1 — (1—x)*'?. We
clearly have

€) 0spx)=1 for 0=x=1;
“ p0) = 0;

2
) sup{lpz(x)—llz (-;-) <x< 1} < -

Because of (4), p, has no constant term, and thus is of the form

M(e)
pz(x) = E ca,mxm’
m=1

We define 6 = 6(c) by

o(e) =

(ST

eanl) "~ S270
(m=llcz’m[ - E )
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Suppose now that X, u and ¢ are as in the statement of the lemma and that
(1) holds. We shall prove (2).
Because of (5) and the assumption |@(x)] <1 (ae. |u[) we have

l(pa(l(/)lz) - l)qol < ¢/2 and, since ||Il” <1

| fx{p‘(l“’ ) — Bodu| <

[\ ST

that is

™ [ 2doodn = [ odu |

A
[\S T

Furthermore, because of (1) and (6),

M(e)

Ecemf |(p|2'”<pd#l

® * L p| @ |Dedu '

M(e)

< E |cam|5(a)< -

The inequality (2) is now a consequence of (7) and (8). This completes the proof
of Lemma 1.

Note that we have proved more than Lemma 1, as we have not used the full
strength of assumption (1) but only

”|¢|2m(pdu]<5, m=1,2,-,M(e).
X

The statement of Lemma 1 will be adequate for our purposes.

2.2. We shall next prove Theorem 1. Fix ¢ and take d = §(¢) to be that given
by Lemma 1. Let u be a measure in M(T) with | x| <1 and

) lim sup |/1(n)| <$é.

n—>+o
Let
= limsup | A(n)|.

n——o
We shall prove that o < ¢. By multiplying # by a complex scalar of modulus 1
if necessary, we may assume that there is an increasing sequence
{n;: j=12,-}
of positive integers so that

(10) o = lim fi(—n).

jo®
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Consider the sequence

{e™:j =1,2,--}
as a subset of I*(|p|). This sequence is bounded in I*(|x|) an thus has a sub-

sequence converging in the weak topology of LZ(‘ ul) to a function ¢ . As a con-
sequence, because of (10) and

A(—ny) = f edut),  j =12,
T

we have

J;quu = qa.

Let u be any positive integer. Then ¢ is in the weak closure in L2(| i I) of the
set E, of exponentials defined by

E, = {":jz u}.

The weak closure of a convex set in a Banach space is identical with its norm
closure. (See p. 422 of [2]). Thus ¢ is in the norm closure in I?| ul) of the set

co E, = {g:g a convex combination of functions in E,}.

As a consequence, we can find a function g, in co E, which satisfies

| le—olalu] <3

We have constructed a sequence {g,: u = 1,2, .-} of trigonometric polynomials
satisfying

€8] lim frlg“—‘plzdl”l =0
and
(12) lgdd] <1, teT, u =1,2,--.

Because of (11), there is a subsequence of {g,:u = 1,2,---} converging to ¢
almost everywhere with respect to [ yl. Thus, because of (12), |<p(t)| <1, (ae.
|-

We shall now apply Lemma 1. Because of Lemma 1, in order to conclude that

oc=f<odu= { f wdu‘ <e,
T T

we need to show that, for any positive integer m,
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(13) ( f¢2m+1¢2mdp <5,
T
Fix m. Because of (11) and (12), as u— oo,
g3m+1g3m 1

converges in the norm of I*(|u) to

2m+1-2m—-1

2 @

As a consequence, for any y > 0, there is a positive integer N so that
(14) ’ J‘ 2mtlgdn=tg g, f (p2m+162mdﬂ' <y for v N.
T

Fix N, and for any v = N consider the trigonometric polynomial

(15) S il
Since g,eco E, and gyeco Ey, the polymonial (15) is a convex combination
(16) g12vm+1 =2m— 1gu — E bv’”e—im

n

of exponential functions. Because of (9), we can find a positive integer M so large
that

a7 [am)| <6, all n>M.

Since ga™*1gZm~1 is a trigonometric polynomial and g,eco E,, it is possible

to choose v so large that in (16), b, , = O unless n > N. For such v,

) f 2m+1 5 2m- 1'd,u\ | X b, Te—inrdﬂ(t)l
(18) "

= | Z byubm| ST b,,|am] <5,

because of (17). Since, in (14), y was arbitrary, (14) and (18) together show that
(13) holds. This completes the proof of Theorem 1.
2.3. The following corollary is a generalization of Theorem 1.

COROLLARY 1. Let C > 0. Suppose that «,,,a,, are complex constants with
|oc_,-| <C,j=1,.--,m. Let ¢>0. Define the constant 6’ by

8" = 20)"5((20)™"e),
where 8 is as in Theorem 1. If ye M(T) satisfies H p“ < C and
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limsup | (A(n) — o) (Am) — ) | < &,

n->+ o

then
lim sup | A(n) — ;) -+ (A0n) — o) | < &.

=

Proor. Apply Theorem 1 to the measure

(2C) ™ — oy 8o) % -+ ¢ ( — o)
where J, is the unit point mass at 0.

2.4. We next indicate a general setting in which an analogue of the proof
of Theorem 1 can be given. Suppose that X is a compact Hausdorff space, 4
an algebra of continuous functions on X, |[- ||, an algebra norm on A satis-
fying | f|lowp = |/ |4 for all feA. Assume that feA implies feA and
| flla= 1S4 Let &, be a collection of linear subspaces of 4, linearly ordered
under inclusion. For Be o/, , denote {f:f €B} byl B and define &/_ to be
{B:Be«,}. The crucial property we assume for o, is the following swallowing
property.

For each fe A and B, € o/, there is B, e &/, so that {fg:geB,} < B;.

Let p be a finite Borel measure on X . For Be o/, or o _, define | u; to
be the norm of u as a linear functional on B; i.e.,

els = sup | | sdufseB | flas 1)

Define || p|+ and | uf- by
it {ll Bewt.),
inf{|| pp||: Be ot _}.

Vol

le|-

A proof analogous to that of Theorem 1 establishes the following:

PROPOSITION. Let & = d(¢) be as in Lemma 1. If u is a Borel measure on X
with measure norm H y” <1 and

[l <5,
then
lul- <.

For the following choices, this proposition reduces to Theorem 1. Take X = T,
A the algebra of trigonometric polynomials on T, | - [, defined by

| Zae™f = Za.
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For any positive integer N, let By be the set of trigonometric polynomials of
the form

int
2 a,e™.
nzN

Let &/, = {By: N = 1,2,---}. In this case,
I 1lsy = sup{jam|:n 2 N},

SO

[#l+ = timsup [Am)|.
Similarly

[u]- = timsup | )],

so the proposition reduces in this case to Theorem 1.

Taking X to be a compact abelian group with ordered dual (in the sense of
either [1] or [4]), analogous choices lead to a proposition relating the behavior
of a Fourier Stieltjes transform at ““+ co’’ with its behaviour at *‘—c0”’.

Taking X to be the torus T x T and By to be the space of trigonometric poly-
nomials of the form

+
E an,mez(nx my),

nzN

m=N

the proposition yields a relationship between

lim sup | A(n, m) |
it

and

lim sup | A(n, m) I .
n—>—awo
m-> =0

3. Almost idempotent measures

3.1. The main result of Section 3, Theorem 2, is a quantitative generalization
of Helson’s characterization of the idempotents of M(T).

THEOREM 2. For any C > 0 there is a 6 = 6(C) > 0 satisfying the following:
Suppose that ue M(T) has | u| < C and

limsup | A(n) — A(n)*| < 6.

|n| o0
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Then
= py+ U,

where p, is idempotent with fi, periodic and

limsup |f,(n)| < 2 limsup | A(n) — A(n)?|.
|n] =0 |n] =0

The proof of Theorem 2 consists of a reduction to discrete measures and con-

tinuous measures. We deal with the continuous case by means of the following

lemma.

LemMA 2. For any C >0 there is a y = y(C) < 1/100 satisfying the follow-
ing: Suppose that Ae M(T) is a continuous measure with |4 < C and, for
‘n‘ sufficiently large,

|A(m)| <y or Rei(n)>1-y.
Then

{n:|Am)| = 7}
is finite.
We shall prove Theorem 2 by assuming Lemma 2 and then later give a proof
of Lemma 2 in §3.2.
Fix C. We take 0 = 4(C) to be

Y(C?)
(19) 0 = T

where y is the function of Lemma 2. Let pe M(T) be a measure with |u| < C
and define o by

(20) o = limsup|A(n) — A(n)?].

[n] =0
We shall show that the assumption
¥3)] o<

leads to the conclusion of Theorem 2. Note that y(C?) < 1/100, so o< 1/1000.
Let p = p, + yy be the decomposition of y into its continuous and discrete
parts. We first show that g, is “‘nearly’” idempotent in the sense that

(22) sup | fu(n) — p(n)? I < 4o.

Because of (20), there is a constant N, so that |n] > N, implies fi(n) is within
20 of either 0 or 1, Since y, is a continuous measure, the mean value of the func-
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tion Iﬁclz on Z is 0. (See p. 42 of [5].) Thus, there is a set J of integers having
density zero so that

lam| <o, n¢J.
As a consequence, if n¢J and |n|> Ny, then A(n) = f,(n) — fA(n) is within
30 of 0 or 1, and thus
(23) | 2un) — fu(m)*| <40, |n|>N,, n¢J.

Since fi; is an almost periodic function on Z, (22) follows from (23).
We next apply (22) in order to construct the idempotent measure p; . Since
40 < 1/20, Z is the disjoint union of the two subsets

{n:| pm)| < 1/10}

il

Z,
and
Z,

{n:| pa(n) — 1} < 1/10}.

Because i, is almost periodic on Z, any 1/10-almost period for i, must be a period
for each of the sets Z, and Z, . Take y,; to be the idempotent measure in M(T)
defined by

0, neZ,

(24) fy(n) = {1 -
9 1

Because of (22), for any integer m, fi,(m) is within 5¢ of either O or 1. In the first
case, fi;(m) = 0 and in the second, 2,(m) = 1. This proves

25) sup| Au(n) — fy(w)| < 50

If p, is defined by u, = g — p; , to complete the proof of Theorem 2 it remains
only to show that
limsup | 2,(m)| < 20

In|= oo

Now, by (20), (24) and the definition of p, it is clear that fi,(n) is, for large
|n|, within 20 of —1, 0, or 1; so that it is enough to prove that

(26) limsup | 2,(n)| < 126.
|

nl—>w
Since py = p— g = (0 — p) + (g — 1) = e+ (g — f11)
liﬁ sup | f,(n)| < h|nll sup | f(n) | + sup| f4(n) — A1(n)|.
n|—w n|—2w n

Hence, because of (25), the proof of (26) and thus of Theorem 2 will be complete
when we have shown that
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X)) limsup | A(n)| £ 7o.

[n] >0

We shall prove (27) by the use of Lemma 2. Because of (20), there is a constant
M, so that

|A(n)| <26 or |A(m)—1|<2a for |n|>M,.
We have also seen that
|8)| S 56 or |pn)—1] £ 50, all neZ.
Thus, since p, = p—4,,
28) |am)+1|<7To or |Aln)| <70 or |f(n)— 1| <70 for|n|> M,.

Let A be the continuous measure u, * ji,, s0 A(n) = p(m)*, for all neZ, and
|A] £ C*. Then

(29) li(n)l<14o or Ii(n)——ll < 146 for ln‘>M0
follows from (28). By Lemma 2, the set {n:|A(n)| = 1/100} is finite. But
{n:[Am)| 2 1/100} = {n:[p(m)| 2 1/10},

so that {n:| A.(n)| = 1/10} is finite, and (27) is a consequence of (28). This com-
pletes the proof of Theorem 2.

3.3. We now proceed to the proof of Lemma 2. There is no loss of generality
in assuming that the constant Cis an integer. Also, we may assume 4 to be a real
measure, considering otherwise the measure 1 = 2Re, for which

(30) fitn) = An) +A(—=n), neZ.
Thus, if we find y,(C) for real measures, then
(31 7€) = :20)

will work for arbitrary measures.
Because of Theorem 1, there is a constant ¢(C) so that if n e M(T) satisfies
|[ n ]I < C and

limsup |A(n)| £ o(C),

then

limsup | (n)| < 1/10.

1=+
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We define y = y,(C) by
(32 71(C) = min(a(C), Ce™'%°).

Suppose now that A is a real continuous measure with | 1| < C and satisfying

(33) |Z(n)|<y or Rel(n)>1—y for |n| = Ny.

We shall prove that the set

(34 {n:|Am)| = 7}

is finite by assuming that it is infinite and deriving a contradiction. Since the set
(34) is assumed infinite and (33) holds, the set

(35 {n:|n| >Ny, Red(m)>1—y}

is infinite. The measure A is real, and thus

(36) A=n) = i(n) neZ.

As a consequence, since (35) is infinite, the set A of positive integers defined by
(37) A= {n:n>N,, Rei(n)>1—7y}

must also be infinite.

The measure A is continuous, so the function |Z|2 has mean value 0 on Z.
(See p. 42 of [ 5].) As a consequence, the set A has density 0 in Z. Thus it is possible
to find a sequence {n;: k = 1,2,---} of positive integers in A having the following
property: For each k, the integers in the list
(38) nk—'k, nk—k'l'l, nk—'k+2,“',nk—1
are not in A. Because of (33) and (37), for every integer m occurring in one of
the lists (38), |A(m)| <y.

By taking a subsequence of the original sequence {n,: k = 1,2,---} if necessary,
we may assume that the sequences

{e"™ 1k = 1,2,-}
in M(T) converges in the weak* topology of M(T) to a measure A,. Since
e ™), converges weak* to Ao in M(T),

(39) lim A(n +n) = lo(n), neZ.

k-
In other words, the sequence
(0 +n): k=12,

of translates of 1 converges pointwise on Z to the function A,.
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Because of (33) and (39), if m is any integer, one of the two alternatives

(40) | Ao(m)| < v
or
(41) Relym)=1—y

must hold. We show next that the first alternative (40) must hold if m is either
a negative integer or is a sufficiently large positive integer.

Suppose that m is negative. For each k > I m ‘ , n, + m occurs in the list (38),
and thus |2(nk + m)|< y. As a consequence, because of (39), io(m)| =< y. This

proves that

(42) || Sy, n=-1,-2,-3,-.

Assertion (42), together with (32), the definition of o(C) and the fact that
[ 4] < || 4] < C shows that

limsup | A(m)| < 1/10.

n—+ o
As a consequence, if m is a sufficiently large positive integer, the second alter-
native (41) is impossible, so (40) must hold. Because of our conclusions about
1o(m) for both positive and negative m, we have the following: There is a positive
integer N so that

(43) |Ag(m)| £ 9, all meZ,

m| > N.
From (39) and (43) we conclude that, if m is an integer with |m] >N, then
|i(nk+ m)| <2y
if k is large enough. As a consequence, if M > N, for k sufficiently large,
| A+ m)| <2y if N<|m|=< M.
Equivalently, if M > N, then
|im| <2y if N<|n—-n|zM,

for k sufficiently large.
Using this fact, we can choose a finite sequence

{m;:j = 1,2,-,K}, K = 100C?,
from {n,: k = 1,2,---} which has the following properties
(44) m; > N;
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45) m;>3m;_y;
(46) |An)| <2y if N<|n—m|= Z m.

We use the sequence {m;:j = 1,---,K} to construct the finite Riesz product

47) o) = ﬁ (1 + —i—cosm-t)
VE

i=1

(see p. 107 of [5] for the basic properties of Riesz products.) Each term in the

product (47) has sup norm no larger than (1 + K~ Y)2, so

(48) lel. £A+K H<e.

Each term in the product (47) has norm 1 +K~'/? in the Banach space A(T)
of functions having absolutely convergent Fourier series. Thus

“9) o lam S A+ K VHE < &% = 1€,

We shall obtain our contradiction by integrating the Riesz product ¢ with
respect to the measure A. Because of (48) and |A| = C,

(50 oarl s ol 121 s ec.

The Parseval formula gives

Z omi(=n)

neZ

oo -

(51

v

K
T @mpA=m)) + p(=mpA(m) | — |

>

2 o=,

where J is the complement of {m,, —my, -, mg,—my} in Z. As a consequence of
condition (45), there will be no cancellat on when the terms of the product (47)
are multiplied out, so

' i
Because each m; is in A, which has been defined by (37), and (36) holds,
(53) Rel(m) = Rel(-m)>1~—y, j=1,-K.

Using (52) and (53), we see that

| T @m)M—m,)) + §(~mAm,;)
(54) i=1
> JK1-2y) = 10C(1-2y).
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If n is an integer in J with ¢(n) # 0, then, because of (47), n must be of the
form

gm;, ¢ =20,1or —1,
=1

J
with ¢; # 0 for at least two values of j. Because of (44), (45), (46) and (36), for
such an integer n,

|Z(—n)| <2y.
Thus, by (49),

T emi(-n| = 2 T|em)|

‘nel ned

(55)
S )¢ lag £ 2.

Combining (50), (51), (54) and (55), we obtain
(56) eC = 10C(1 — 2y) — 2y¢'°¢ = 10C — 20Cy — 2ye *°C.
Because of (32), y < Ce™*°C, and thus (56) yields
eC 2 10C —20C%~°°~2C,
which gives the contradiction
e 8~—20Ce” 1.
This completes the proof of Lemma 2.

3.4. We indicate here two ways in which Theorem 2 can be extended.
First, by applying Theorem 1 to the measure u — pu=* u, the assumption
limsup | A(n) — A(n)*| < 8
|n]~ o0
can be replaced by the one-sided assumption
limsup | A(n) — A(n)?| < &,
n=+aw
for appropriate o'.
Second, Theorem 2 has as consequence a proposition bearing the same relation

to it as Corollary 1 does to Theorem 1. The proposition states that, subject to a
bound on | uf, if

limsup | (4(1) = o) - (4() = )|

n|— oo

is small enough, then f is close to a periodic function on Z taking only the values
{oty,+++,,,}. The proposition can be proved by reduction to Theorem 2 in a
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manner analogous to the way in which Corollary 1 was reduced to Theorem 1.
We omit the details.

4. EXAMPLES

The aim of this section is the construction of the two examples of measures
mentioned in the introduction. The first, u,, satisfies

57 HIE fup { ﬁz(n)l # lirE fup l fy(n) [ .

The second, u,, shows that the constant 6 of Theorem 2 cannot be chosen to be
independent of the bound C.
Let n; = 4 +1 and p, be the measure corresponding to the Riesz product

ﬁ (1 —sinnyt).
j=1
(See p. 167 of [5] for a discussion of Riesz products.) Then
2,0) =1, ﬂ1(nj) = i/2, ﬁ1(—"j) = —if2,
| ;)| £ 1/4, all other n.
Let p, = 8o — 2ipy, where d, is the unit point mass at 0. Then
2200) = 1 =2i, fi,(ny) = 2, fy(—n) =0,
| A2(m)| < 3/2, all other n,
which proves (57).
Taking 7 to be normalized Lebesgue measure on T, so
70 =1,4n)=0 if n#0,
we define p; by

By = 1/2(u, — (1 = 2i)y).

Then
£30) = 0, fs(n) = 1, |As(n)| < 3/4, all other n.

Let ¢> 0. Choose m so (3/4)" <e¢&. If u, is the m-fold convolution of y; with
itself, then f, = (43)", so

ﬁ'4(nj) = 13 J = 1323"'3
| ()| <&, all other n.

Since n; = 4/ + 1, this shows that the constant & of Theorem 2 cannot be chosen
to be independent of the bound C.
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